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Abstract
We obtain two sufficient conditions for an interval self-map to have a chaotic set with positive
Hausdorff dimension. Furthermore, we point out that for any interval Lipschitz maps with positive
topological entropy there is a chaotic set with positive Hausdorff dimension.
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1. Introduction
Let (X,d) be a metric space and f :X → X be a continuous map. A set C ⊂ X is called
a Li–Yorke chaotic set for f [3] if for any two different points x and y of C,
lim supn→∞ d(f n(x), f n(y)) > 0 and lim infn→∞ d(f n(x), f n(y)) = 0.
The following notion of chaotic set that we are going to study was based on the ideas
introduced by Xiong [9,7].
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C there exists an increasing sequence {ri} of positive integers such that limi→∞ f ri (x) =
F(x) for any x ∈ A.
If a set C containing at least two points is a chaotic set for f , then C is a Li–Yorke
chaotic set for f .
The measurement of chaotic sets is an interesting subject. In the past few years, many
authors [7,4,2,8] have paid attention to this subject. Smítal [4] and Kan [2] both measured
Li–Yorke chaotic sets for interval self-maps by Lebesgue measure. Xiong [6] researched
the chaoticity of interval self-maps with positive entropy. Cheng [1] pointed out that for
any interval Lipschitz maps with positive topological entropy the closure of periodic points
set has positive Hausdorff dimension. In this paper, we will adopt methods from [6] and [1]
to measure chaotic sets for interval maps by Hausdorff dimension. In this paper, ent(f ) de-
notes the topological entropy of map f ,Hs denotes the Hausdorff measure of s-dimension
and dimH denotes the Hausdorff dimension. The main results are in the following.
Theorem 1. Let I = [0,1] and let f : I → I be a continuous map. Suppose that there are
N( 2) non-trivial closed subintervals J1, J2, . . . , JN of I which are disjoint, and there is
a positive integer n such that the covering matrix of f n with respect to J1, J2, . . . , JN is
A. Let σA denote the subshift of finite type determined by the matrix A. Suppose that
(i) ent(σA) > 0,
(ii) every f n|Ji is a linear map with slope ki(|ki | > 1).
Then there is a chaotic set E ⊂ I for f such that dimH E > 0.
Theorem 2. Let I = [0,1] and let f : I → I be a Lipschitz map. Suppose that there are
N( 2) non-trivial closed subintervals J1, J2, . . . , JN of I whose interiors are disjoint,
and there is a positive integer m such that the covering matrix of f m with respect to
J1, J2, . . . , JN is A. Let σA denote the subshift of finite type determined by the matrix A.
If ent(σA) > 0, then there is a chaotic set E ⊂ I for f such that dimH E > 0.
Corollary. Let I = [0,1] and let f : I → I be a Lipschitz map. If ent(f ) > 0, then there is
a chaotic set E ⊂ I for f such that dimH E > 0.
This paper is organized as follows. In Section 2, we review some basic concepts, for ex-
ample, subshift of finite type, covering matrix, etc., and some claims which come from [6].
Some technical Lemmas are also put forward. In Section 3, we prove Theorems 1 and 2,
and two examples are provided in Section 4.
2. Preliminaries and some technical lemmas
Let E = {1,2, . . . ,N} (N  2) with the discrete topology. Let Ei = E, for all i  1. Let
ΣN =∏∞ Ei with the product topology. Then ΣN is a compact, metric space.i=1
2098 H. Wang, J. Xiong / Topology and its Applications 153 (2006) 2096–2103Now we define a metric d which is compatible with the product topology on ΣN as
follows: ∀x = x1x2 · · · , y = y1y2 · · · ∈ ΣN ,
d(x, y) =
{0 x = y,
1
Nk
k = min{i: xi = yi} − 1.
Let A = (aij ) be an N × N matrix with aij ∈ {0,1} for all i, j . Let ΣA = {x = x1x2 · · · ∈
ΣN : axixi+1 = 1, ∀i  1}. Then ΣA is a closed subset of ΣN . ΣA is a compact, metric
space. Let σ :ΣN → ΣN be the shift (i.e. σ(x1x2 · · ·) = (x2x3 · · ·) for any (x1x2 · · ·) of
ΣN ). Let σA = σ |ΣA . Then (ΣA,σA) is called a subshift of finite type determined by the
matrix A.
Let [i1i2 · · · in]A = {x ∈ ΣA: x1 = i1, x2 = i2, . . . , xn = in}. Then we call it a rectangle
of ΣA with length n. If [i1i2 · · · in]A = ∅, then i1i2 · · · in is called an A-sequence with
length n.
In [5], we showed that following result:
Lemma 1. Let (ΣA,σA) be a subshift of finite type determined by the matrix A. If
ent(σA) > 0, then there is a chaotic set C ⊂ ΣA for σA such that dimH C > 0.
Lemma 2. Let (X1, d1) and (X2, d2) be compact metric spaces. Let f1 :X1 → X1 and
f2 :X2 → X2 be continuous maps. Suppose ϕ :X1 → X2 is a continuous surjection such
that:
(1) ϕ ◦ f1 = f2 ◦ ϕ, and
(2) the set ϕ−1(y) is finite for any y ∈ X2.
If C ⊂ X1 is a chaotic set for f1, then ϕ(C) ⊂ X2 is a chaotic set for f2.
Proof. Suppose the finite set B ⊂ ϕ(C) and F :B → ϕ(C) is a map. Put E = ϕ−1(B)∩C.
Then E is a finite set. For any x ∈ E, we choose a y ∈ ϕ−1 ◦ F ◦ ϕ(x) ∩C. Let g(x) = y.
Then g :E → C is a map. Since C is a chaotic set for f1, there is a subsequence {ri} such
that
lim
i→∞d1
(
f
ri
1 (x), g(x)
)= 0, ∀x ∈ E.
Since ϕ is continuous, then
lim
i→∞d2
(
ϕ ◦ f ri1 (x),ϕ ◦ g(x)
)= 0, ∀x ∈ E,
lim
i→∞d2
(
f
ri
2 ◦ ϕ(x),F ◦ ϕ(x)
)= 0, ∀ϕ(x) ∈ B.
Hence ϕ(C) is a chaotic set for f2. 
Let (X1, d1) and (X2, d2) be metric spaces. Let f :X1 → X2 be a continuous map. f is
called satisfying inverse α-Hölder condition, if there is a δ > 0 such that for any x, y ∈ X1
and d1(x, y) < δ, d2(f (x), f (y)) c[d1(x, y)]α where c and α are positive constants. We
call also α a Hölder exponent.
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be a subset of X1 and let f :X1 → X2 be a continuous map. If f satisfies inverse α-Hölder
condition, then dimH f (D) 1α dimH D.
Proof. Since f satisfies inverse α-Hölder condition, there is a δ > 0 such that for any
x, y ∈ X1 and d1(x, y) < δ, d2(f (x), f (y))  c[d1(x, y)]α where c and α are positive
constants. Let ε (0 < ε < δ) be given. Let {B1,B2, . . . ,BM} be an open cover of X1, where
|Bi | < δ (|Bi | denotes the diameter of Bi ) for each i = 1,2, . . . ,M .
Suppose F is a subset of f (D) and |F | < ε. Then {Bi ∩ f−1(F ): i = 1,2, . . . ,M} is
a cover of f−1(F ). By hypothesis, we have c|Bi ∩ f−1(F )|α  |F |. Then
∣∣Bi ∩ f−1(F )∣∣
(
1
c
|F |
)1/α
.
For each ε-cover Λ of f (D), there is a β-cover Ω of D where β = ( ε
c
)1/α and
Ω =
⋃
F∈Λ
{
Bi ∩ f−1(F ): i = 1,2, . . . ,M
}
.
For any s > 0, we have
M
(∑
F∈Λ
|F |s
)
 cs
∑
E∈Ω
|E|sα  csHsαβ (E).
Hence, MHs(f (D))  csHsα(D). If s > dimH f (D), then dimH D < sα. Thus
dimH (f (D)) 1α dimH D. 
Let I = [0,1] and let f : I → I be a continuous map. Let J1, J2, . . . , Jn be n non-trivial
closed subintervals of I whose interiors are disjoint. We call an n × n matrix A = (aij )
consisting of 0’s and 1’s a covering matrix of f with respect to the intervals J1, J2, . . . , Jn
if aij = 1 iff f (Ji) ⊃ Jj .
Let I = [0,1] and let f : I → I be a continuous map. Suppose that there are N( 2)
non-trivial closed subintervals J1, J2, . . . , JN of I whose interiors are disjoint such that the
covering matrix of f with respect to J1, J2, . . . , JN is A. Now we define a correspondence
ω which, for x ∈ ΣA, determines a closed subinterval ω(x) of I .
For each A-sequence x1 with length 1, let J (x1) = Jx1 . For m> 1, let x1x2 · · ·xm be an
A-sequence. By [6] we choose, inductively, a non-trivial closed subinterval J (x1x2 · · ·xm)
of I such that J (x1x2 · · ·xm) ⊂ J (x1x2 · · ·xm−1), f (J (x1x2 · · ·xm)) = J (x2 · · ·xm) and
f (J 0(x1x2 · · ·xm)) = J 0(x2 · · ·xm) where J 0 denotes the interior of interval J . Conse-
quently, we have f (∂J (x1x2 · · ·xm)) = ∂J (x2 · · ·xm) where ∂J denotes the boundary of J .
Claim 1. [6] If x1x2 · · ·xm and y1y2 · · ·ym are two different A-sequences, then the interiors
of J (x1x2 · · ·xm) and J (y1y2 · · ·ym) are disjoint.
Let ω(x) =⋂∞m=1 J (x1x2 · · ·xm). Then ω(x) is a closed subinterval of I .
Claim 2. [6] Let PA = {x ∈ ΣA: |ω(x)| > 0}, where |ω(x)| denotes the diameter of the
ω(x). Then the set PA is countable, so that the set
⋃∞
σ i (PA) is also countable. Leti=−∞ A
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ΣA and invariant with respect to σA.
Let LA =⋃x∈QA ω(x). Then ω(x) :QA → LA is a map.
Claim 3. [6]
(1) ω(x) :QA → LA is a continuous map and at most two-to-one;
(2) ω ◦ σA|QA = (f |LA) ◦ω;
(3) LA is invariant with respect to f .
Lemma 4. Let I = [0,1] and let f : I → I be a continuous map. Suppose that there
are N( 2) non-trivial closed subintervals J1, J2, . . . , JN of I whose interiors are dis-
joint, and there is a positive integer n such that the covering matrix of f n with respect to
J1, J2, . . . , JN is A. Let σA denote the subshift of finite type determined by the matrix A.
Suppose that
(i) ent(σA) > 0,
(ii) the map ω(x) :QA → LA (described as above) satisfies the inverse α-Hölder condi-
tion.
Then there is a chaotic set E ⊂ I for f such that dimH E > 0.
Proof. Let g = f n. Then the covering matrix of g with respect to J1, J2, . . . , JN is A. By
Lemma 1 there is a chaotic set C ⊂ ΣA for σA such that dimH C > 0.
Since the set PA = {x ∈ ΣA: |ω(x)| > 0} is countable, the set ⋃∞i=−∞ σ iA(PA)
is also countable. Let QA = ΣA ∼ ⋃∞i=−∞ σ iA(PA). Since C = (C ∩ QA) ∪ (C ∩⋃∞
i=−∞ σ iA(PA)), we have dimH C = dimH C ∩ QA. Hence we may suppose that C is
a subset of QA. By Lemma 2 and Claim 3, there is a chaotic set ω(C) ⊂ I for g. Conse-
quently, ω(C) ⊂ I is a chaotic set for f .
Let ω(C) = E. By Lemma 3, then dimH E > 0. 
3. Proof of theorems
Proof of Theorem 1. Let g = f n. Then the covering matrix of g with respect to
J1, J2, . . . , JN is A. Suppose that QA,LA and ω :QA → LA described as above.
(1) For any m> 1, |J (x1x2 · · ·xm)| = J (xm)|kx1kx2 ···kxm−1 | .
We inductively show that (1). When m = 2, it is clear.
Suppose that when m = p, (1) holds. For m = p + 1, since g(J (x1x2 · · ·xpxp+1)) =
J (x2 · · ·xpxp+1) we have |kx1 ||J (x1x2 · · ·xpxp+1)| = |J (x2 · · ·xpxp+1)|.
Then∣∣J (x1x2 · · ·xpxp+1)∣∣= |J (x2 · · ·xpxp+1)||k | = J (xp+1)|k k · · · k | .x1 x1 x2 xp
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(2) Let x1x2 · · ·xmu and x1x2 · · ·xmv (u = v) be A-sequences. Since g|Ji is linear we
have
t
|kx1kx2 · · · kxm |
 d
(
J (x1x2 · · ·xmu), J (x1x2 · · ·xmv)
)

∣∣J (x1x2 · · ·xm)∣∣
where t = min{d(Ji, Jj ): i = j}.
(3) For any x = x1x2 · · · , y = y1y2 · · · ∈ ΣA we have
d
(
ω(x),ω(y)
)
 td(x, y)logN a,
where a = max{|ki |: i = 1,2, . . . ,N}.
We next show that (3). Let m = min{i: xi = yi} − 1. Then d(x, y) = N−m,−m =
logN d(x, y).
By (2) we have
t
|kx1kx2 · · · kxm |
 d
(
ω(x),ω(y)
)

∣∣J (x1x2 · · ·xm)∣∣.
That is
d
(
ω(x),ω(y)
)
 t
am
.
So
logN
1
t
d
(
ω(x),ω(y)
)
−m logN a = logN d(x, y)logN a.
Then
d
(
ω(x),ω(y)
)
 td(x, y)logN a.
Hence (3) holds.
By (3) and Lemma 4, Theorem 1 holds. 
Proof of Theorem 2. (1) Let g = fm. Then the covering matrix of g with respect to
J1, J2, . . . , JN is A. Suppose that QA,LA and ω :QA → LA described as above. By the
proof of Lemma 4 we know that there is a chaotic set E = ω(C) ⊂ I for f , where C ⊂ QA
is a chaotic set for σA such that dimH C > 0.
(2) We next show that dimH E > 0.
Since f satisfies Lipschitz condition, so does g. Hence there is a λ > 1 such that |g(x)−
g(y)| λ|x − y| for any x, y ∈ I . Let a = min{|Ji |: i = 1,2, . . . ,N}. For any A-sequence
x1x2 · · ·xn with length n, we can inductively show that |J (x1x2 · · ·xn)| > aλn .
Let U ⊂ I with |U | a
λn
. Then U meets at most two different subintervals which cor-
respond A-sequences with length n. Hence there are two different A-sequences x1x2 · · ·xn
and y1y2 · · ·yn such that
ω−1(U) ⊂ [x1x2 · · ·xn]A ∪ [y1y2 · · ·yn]A.
Let V 1U = ω−1(U) ∩ [x1x2 · · ·xn]A and let V 2U = ω−1(U) ∩ [y1y2 · · ·yn]A. Then
{V 1 ,V 2 } is a cover of ω−1(U), and |V i | 1n for i = 1,2.U U U 2
2102 H. Wang, J. Xiong / Topology and its Applications 153 (2006) 2096–2103Let ξ = {Ui}∞i=1 be any aλn -cover of E. Then for each Ui , there is a positive integer ni
such that
a
λni+1
< |Ui | a
λni
.
Choose a number s such that 0 < s < dimH C. For all i, let si be a number such that(
a
λni+1
)si
= 2
(
1
2ni
)s
.
Then
si = ln 2 − sni ln 2lna − (ni + 1) lnλ.
For each x  1, let
s(x) = ln 2 − sx ln 2
lna − (x + 1) lnλ.
Since
s′(x) = s ln 2(lnλ− lna)+ lnλ ln 2[lna − (x + 1) lnλ]2 > 0,
s(x) is an increasing function. Let t = s2 logλ 2. Since s(x) → s logλ 2 > 0 as x → ∞, there
is an M1 > 0 such that s(n) > t for all n > M1. Since nmin{ni : i = 1,2, . . .} and s(x)
is an increasing function, then si = s(ni) s(n) > t for all i.
Hence we have
|Ui |t >
(
a
λni+1
)t

(
a
λni+1
)si
= 2
(
1
2ni
)s

∣∣V 1Ui ∣∣s + ∣∣V 2Ui ∣∣s .
Note that {V 1U ,V 2U : U ∈ ξ} is a 12n -cover of ω−1(E).
Since s < dimH ω−1(E), then Hs(ω−1(E)) = ∞. Thus for any B > 0 there is an
M2 > 0 such that for any 12n -cover {Vj } of ω−1(E),
∑
j |Vj |s > B when n >M2.
Let M = {M1,M2}. When n >M , we have∑i |Ui |t >∑i (|V 1Ui |s +|V 2Ui |s) > B where{Ui}∞i=1 is any aλn -cover of E.
Therefore, when n >M we have
inf
{∑
|Ui |t : {Ui} is a a
λn
-cover of E
}
>B.
Then Ht(E) = ∞. Hence dimH E  t > 0. 
Proof of the corollary. Since f has positive topological entropy, there is a positive integer
n such that f n has a horseshoe. By Theorem 2, the corollary holds. 
4. Examples
Example 1. Let
f (x) =
{4x x ∈ [0,1/4],
1 x ∈ [1/4,1/2],
2(1 − x) x ∈ [1/2,1].
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Let J1 = [0, 14 ] and J2 = [ 12 ,1].
Put
A =
(
1 1
1 1
)
.
Then A is the covering matrix of f with respect to J1, J2. Hence ent(σA) = 1. f |J1
is a linear map with slope k1 = 4, and f |J2 is also a linear map with slope k2 = −2. By
Theorem 1, there is a chaotic set E = ω(C) ⊂ I for f such that dimH E > 0.
Example 2. Let f (x) = sin(πx), x ∈ [0,1]. Then there is a chaotic set E ⊂ I for f such
that dimH E > 0.
By mean value theorem, we have |f (x) − f (y)| π |x − y| for any x and y of [0,1].
Hence f satisfies the Lipschitz condition. Let J1 = [0, 12 ] and J2 = [ 12 ,1]. Put
A =
(
1 1
1 1
)
.
Then A is the covering matrix of f with respect to J1, J2. Hence ent(σA) = 1. By
Theorem 2, there is a chaotic set E ⊂ I for f such that dimH E > 0.
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